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Some best proximity point results for multivalued
mappings on partial metric spaces

MUSTAFA ASLANTAS*, DOAA RIYADH ABED AL-ZUHAIRI

ABSTRACT. In this paper, we introduce two new concepts of Feng-Liu
type multivalued contraction mapping and cyclic Feng-Liu type multi-
valued contraction mapping. Then, we obtain some new best proximity
point results for such mappings on partial metric spaces by consider-
ing Feng-Liu’s technique. Finally, we provide examples to show the
effectiveness of our results.

1. INTRODUCTION

In 1922, the Banach contraction principle which is considered as the start-
ing of the fixed point theory on metric spaces has been proved a fundamental
theorem [10]. This famous principle is a very useful tool for the existence
and uniqueness of the solution of problems in various fields such as differ-
ential equations, integral equations, partial differential equations. Because
of its applicability, many authors have studied to generalize this principle
[4, 8, 16, 18, 24, 26, 27|. One of the interesting and famous generalizations
was proved by Nadler [22] by taking into account multivalued mappings on
metric spaces as follows.

Theorem 1 ([22]). Let (T, p) be a complete metric space and ¢ : T —
CB(Y) be a multivalued mapping. If there exists k in [0,1) such that

H,(¢s,98) < kp(s,§),

for all ¢,& € Y, where CB(Y) is the family of all nonempty bounded and
closed subsets of X and H, : CB(Y) x CB(Y) defined as

Hy(p,R) = max {sup p(s; R),sup p(p, 6)}

SEP EeR

1s a Pompei-Hausdorff metric, then ¢ has a fived point in Y.
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Later, many interesting fixed point theorems for multivalued mappings
have been obtained [21, 25, 30]. In this sense, Nadler’s result has been
extended by Feng and Liu [15] by taking the image of ¢ for C(Y) valued
instead of CB(Y) where C(Y) is the family of all nonempty closed subsets
of Y. Therefore, they neglected the boundedness of g for all ¢ € T. Hence,
they did not need to use the Pompeiu-Hausdorff metric in their result as
follows.

Theorem 2. Let ¢ : T — C(T) be a multivalued mapping and (T, p) be a
complete metric space. Suppose for all ¢ € T there exists £ € IE such that

p(&, &) < p(s, &),
where
Iy = {€ € vs: Bp(s,€) < pls,p5)}

If the function g(s) = p(s,ps) is lower semicontinuous on Y and 0 < 7y <
B < 1, then  has a fixed point in Y.

On the other hand, Kirk et al. [19] proved another generalization of the
Banach contraction principle. They obtained the following nice result by
introducing a new notion of cyclic mapping.

Theorem 3. Let (T, p) be a complete metric space, ) # o, R C YT where
and R are closed and ¢ : pUR — p UR be a mapping. Assume that ¢ is a
cyclic mapping, that is, p(p) C R and p(R) C . If there exists k in [0,1)
such that

(1) p(es, 98) < kp(s, §),
for allc € p and £ € R, then ¢ has a fixed point in p N K.

Note that, unlike Banach contraction principle, the mapping ¢ is not
necessary to be continuous in Theorem 3. Because of its applicability, there
are many studies on this topic in the literature [9, 23|. In this sense, Eldred
and Veeremani [14] introduced a concept of cyclic contraction mapping by
considering p N R = 0.

Definition 1 ([14]). Let (T, p) be a metric space and @ # p,R C T. A
mapping ¢ : p UR — p U R is called a cyclic contraction if it satisfies
©(p) € R and p(R) C p and the following condition:

(2) plps, €) < kp(s, &) + (1 = k)p(p, R),
for all ¢ € p and £ € R, where k € [0,1).

Hence, they gave a generalization of inequality (1). Indeed, if p N R = 0,
 cannot have a fixed point. In this case, it is sensible to find the existence
of a point ¢ such that p(s, ¢s) = p(p, R) which is called the best proximity
point of ¢ [12]. Note that, the best proximity point becomes a fixed point in
special case p = R = Y. Hence, best proximity point results are a natural
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generalization of fixed point results, For this reason, many authors have
been studied to obtain existence of best proximity point [1, 3, 6, 7, 11, 28,
29|. Taking into account this situation, the inequality (1) was generalized
different way from the results in the literature as in inequality (2). Hence,
they obtained the existence of best proximity point of ¢ as follows:

Theorem 4. Let (T, p) be a metric space, ) # p,RC Y and ¢ : pUR —
pUR be a cyclic contraction mapping. Let g9 € o and define §pr1 = @<, for
all n > 1. If {son—1} has a convergent subsequence in p, then there exists
s € p such that p(s, ps) = p(p, R).

On the other hand, to study of denotational semantics of dataflow net-
works, Matthews [20] obtained another generalization of mentioned principle
by introducing a concept so called partial metric. Then, many authors ob-
tained a lot of fixed point results in the settings of partial metric spaces
[5, 13].

Now, we recall definition of the partial metric space and its topological
properties (see for details [2, 17, 20]).

Definition 2 (|20]). Let T be a nonempty set, and o : T x T — [0, +00).
If the following conditions hold:

pl) o(s,s) = 0(s,§) = 0(£,§) if and only if ¢ = ¢,
p2) o(s,s) < o(s,§),

p3) o(s,§) = (&),

p4) O'(§, 19) S U(g7 5) + O'(f, 29) - O-(é-v 5)’

for all ¢,&,9 € T, then o is said to be a partial metric. The pair (T, 0) is
called partial metric space.

It is clear that every metric space is a partial metric space, but the con-
verse may not be true. Indeed, let T = [0, +00) X [0, +00) and a function
o:TxT — [0,400) defined as o(s,§) = max{s1,&1} + |s2 — &2| for all
¢ = (s1,%2),§ = (&1,&) € T. Then (Y, 0) is not a metric space, but it is a
partial metric space.

Let (T,0) be a partial metric space. Then, o generates Ty topology 7,
on YT which has as a base the family open o-balls

{Bs(s,e) :5 € T,e >0},
where
By(s,6) ={€ € T:0(c,§) <ols,5) +¢},
for all ¢ € T and € > 0.
Let {¢,} be a sequence in T and ¢ € T. It is easy to see that the
sequence{, } converges to ¢ with respect to 7, if and only if

lim o(sp,s) =0o(s,5).

n——+0o
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If limy, 00 0(SnsSm) exists and is finite, then {¢,} is said to be Cauchy
sequence. If every Cauchy sequence{s,} converges to a point ¢ in T such
that

lim  o(Sp,sm) = 0(s,5),

n,m—-+oo
then (T, o) is said to be a complete partial metric space.
If (T, o) is a partial metric space, then the function p, : T x YT — [0, +00)
defined by

pa(§7§) = 20(67 §) - 0(57€> - U(§7§>

is a metric on Y.
Now, we give the relations between partial metric space (Y, o) and corre-
sponding metric space (T, p,) which are important for our main results.

Lemma 1. Let (Y,0) be a partial metric space.

(1) {sn} is a Cauchy sequence in (Y,0) < {¢,} is a Cauchy sequence in
(Tv pO’)‘

(ii) (Y,0) is a complete partial metric space < (YT, ps) is a complete
metric space.
(iii) Given a sequence {¢,} in Y and ¢ € Y. Then, we have

lm  py(Sn,s) = 0if and only ifo(s,s) = (n,s) = lim  o(Sp,Sm)-

lim o
n—-+00 n—-+00 n,m—-+00
From Lemma 1 (iii), it can be seen that

li ona::r ana.l. li nySn) = ’S ).
mpo(sn, <) = 0= lim po(&,¢)implies lim o(G, &) = o(<.€)

n—
The following definition is important for our results.
Definition 3. Let (T,0) be a partial metric space and g : T — R be a
function. If
< T
9(c0) = lim infg(cn)

for any sequence {¢,} in T satisfying ¢, — ¢p as n — 400, then the function
g is called lower semicontinuous at a point ¢y € T

Now, we recall some definitions and notions related with best proximity
point in the setting of partial metric. Let (Y,0) be a partial metric space
and () # p, R C T . Consider following subsets of p and R, respectively:

po = {s€p:0(s8) =o(p,R), for some £ € R},
Ro = {£€R:0(5,§) =0(p,R), for some ¢ € p}.

Definition 4. Let (T, p) be a partial metric space and () # o, R C T with
9o # 0. Then (p,R) is said to have P-property if

U(<a§):ff(p,3%) B
U(<;§;) =o(p,N) } = o(s1,%2) = 0(&1,&2),

for all ¢1,¢ € o and &1, & € Ry.
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In this paper, introducing two new concepts of Feng-Liu type multival-
ued contraction mapping and cyclic Feng-Liu type multivalued contraction
mapping, we obtain some new best proximity point results for multivalued
mappings on partial metric spaces by considering Feng-Liu’s technique. Fi-
nally, we provide examples to show the effectiveness of our results.

2. MAIN RESULT

We begin this section by introducing the definitions of best lower semi-
continuity and Feng-Liu type multivalued contraction mapping.

Definition 5. Let (T, 0) be a partial metric space and () # p, R C T with
po # 0. If
< Tm i
9(0,€0) = lim infg(cn, &)

for every sequences {¢,} in pp and {&,} in Ry satisfying
Gn—> s Epand &, = & € R as n — 4o0o,

then a function g : p x & — R is called best lower semicontinuous at a point
(<0,%0) € p x R.

Definition 6. Let (T,0) be a partial metric space, ) # p,% C T and
¢ : p — C(R) be a multivalued mapping. The mapping ¢ is said to be
Feng-Liu type multivalued contraction mapping if for all ¢ € pg and £ € pg
there exists ¥ € pq satisfying

a(§,9) = o(p, N)
and
o (&, ¢0) <vo(s, ),
for some v € [0, 1).
Theorem 5. Let (T,0) be a complete partial metric space, ) # o, C T

where o, R are closed and ¢ : p — C(R) be a Feng-Liu type multivalued
contraction mapping. Assume that the following conditions are satisfied:
(i) po # 0 and ¢(po) < Ro;
(ii) the pair (p,R) has the P-Property;
(iii) function g(s,&) = o(&, ¢s) is best lower semicontinuous on o x K.
Then, ¢ has a best proximity point ¢* in ©. Moreover, o(s*,¢*) = 0.
Proof. Let ¢y € pp be an arbitrary point. Choose &y € pgg. Then, since ¢ is

a Feng-Liu type multivalued contraction mapping, there exists ¢; € gg such
that

(&0, 1) = plp, R)

and
(&0, ps1) < vo(<0,61)-
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Let 8 € (v,1) be a constant. Then, from definition of infimum, there exists
&1 € g1 such that

Bo(€o,&1) < o(&o, ¢s1).

Again, since ¢ is a Feng-Liu type multivalued contraction mapping, there
exists ¢o € gg such that

0-(51’ §2) = P(@, %)

and

o (&1, 952) < vo(s1,s2).
Also there exists £ € ¢y such that

Bo(€1,&) < o(&1, ps2).

Repeating this process, we can construct sequences {¢,} and {£,} in p and
R with &, € g, and

(3) o-(émgn-i-l) = O'(p,?R),
(4) U(€n:‘~P§n+1) < 70(§n,§n+1),

Bo(€nsént1) < o(&n, PSnt1)s

for all n > 1. On the other hand, since the pair (p,®) has the P-property,
then we have

(5) U(§n7§n+1) = O’(fn—lvén)a

for all n > 1. Therefore, we get

A

U(§n,§n+1) = U({n—l;&n)
1
< Ea(én—h(ﬁ@L)
< %U(§n—17§n)7
for all n > 1. Hence, we obtain
U(§n7§n+1) < 1 Cn 1, gn)
B
< (g) gn 2, Sn— 1)
Y
< (5] o(s,s1)
()
and so
(6) lim o($p,snt+1) = 0.

n—-+00
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From (4) and (6), we also have

(7) lim o(&n, psp+1) = 0.

n—-4o0o

Then, for all m > n > ng, we have

U(§n,§m) < U(§n; gn—i—l) + U(§n+17§n+2) +---+ U(§m_1, gm)

< (3) o+ (3) e (3) o
- (@) (125 ()
- D

Hence, limy, ;400 0(Spssm) = 0, and so {s,} is a Cauchy sequence in p.
Since g is closed subset of the complete partial metric space (T, 0), there
exists ¢* € p such that

(8) lim O‘(gn’gm) = lim o(gn,g*) — g(g*’g*) =0.
n—-+oo

n,m—-+o0o

From (5), we also get {&,} is a Cauchy sequence in R. Similarly, there exists
£* € R such that

m  o(n,&m) = lim o(&n, &) = 0(£7,€7) = 0.

n,m—-+00 n—-+o0o

Letting n — 400 in (3), we have

(9) o(¢", &%) = p(p, R).
Finally, since ¢(s,&) = o (&, ¢<) is best lower semicontinuous on p x R and for
the sequences {¢,+1} in po and {&,} in Ko, we have ¢, 1 — ¢* and &, — &*
as n — +oo, from (7) we get

o(€%,¢¢") = g(¢", &) < liminf g(Gn41,8n) = liminf o(&n, psnt1) =0,

hence £* € p¢* = p¢*. Therefore, from (9) we have

o(p,RN) < o™, 0¢") <o(¢*, &) = a(p,N),
that is,
a(s*,¢s") = p(p, N).

Hence, ¢ has a best proximity point ¢* in p. Moreover, from (8) we have
o(¢*,¢*)=0. O
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Example 1. Let T = [0,400) X [0,+00) and ¢ : T X T — [0,400) be a
function defined by

O'(§,€) = max{glagl} + |§2 - £2| )
for all ¢ = (¢1,%2),& = (&1,&2) € Y. Then, (T,0) is a complete partial metric
space. Let p = {(u,1):u € [0,400)} and R = {(v,0) : v € [0,+00)} be
subsets of Y. It can be easily seen that o(p,R) = 1 and p,R are closed
subsets. Also, we have pg = {(0,1)}, Rop = {(0,0)}and the pair (p, R) has
the P-Property. Now, we define a mapping ¢ : p — C(R) as

—_ {(070)}7 S = (0,1),
spg_{ {(v,0):v>u}, ¢=(u,l),

for all ¢ = (u,1) € p. Hence, we have p(po) C Rp. It can be easily seen
that ¢ is a Feng-Liu type multivalued contraction mapping for all v € [0, 1)
and the function ¢(s, &) = o(&, ¢s) is best lower semicontinuous on g x .
Then, all hypotheses of Theorem 5 hold. Therefore, ¢ has a best proximity
point ¢* in . Moreover, o(s*,¢*) = 0((0,1),(0,1)) = 0.

If we take p = % =T in Theorem 5, we can present the following result.

Corollary 1. Let (Y,0) be a complete partial metric space and ¢ : T —
C(T) be a multivalued mapping. If there exists v € (0,1) such that

a(§,98) < vo(s,§),

forall¢ € T and § € ps and g(s,§) = (&, s) is lower semicontinuous on
T x Y, then ¢ has a fived point in Y.

Now, we introduce the definition of cyclic Feng-Liu type multivalued con-
traction mapping.

Definition 7. Let (T,0) be a partial metric space, ) # p,® C T and
¢ : pUR — P(pUR) be a multivalued mapping. Then ¢ is said to be cyclic
Feng-Liu type multivalued contraction mapping if there exist 5,7 € (0,1)
with 7 < f satisfying for all ¢ € p with o(s,ps) > o(p,R), there exists
ey ={E€ps:Po(s,§) <o(s,ps)} such that

a(§,p8) <o (s, &) + (B —7)o(p,R).

Theorem 6. Let (Y,0) be a partial metric space and ) # o, C Y. Let
¢ :pUR = PlpUR) be a cyclic Feng-Liu type multivalued contraction
mapping, o € @ and define a sequence {sp} by snp1 = wsp for all n > 1.
If {son} has a convergent subsequence in o and g(s) = p(s,¢s) is lower
semicontinuous on @, then ¢ has a best proximity point in p.

Proof. Let g9 € p be an arbitrary point. If (<o, vs0) = o(p, R), then the
proof is finished. Then, we assume o (o, psp) > o(p, R). Since ¢ is cyclic
Feng-Liu type multivalued contraction mapping, there exists ¢; € ga%o such
that

o(s1,061) < vo(s0,61) + (B — 7)o (g, N).
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If o(s1,¢61) = o(p, R), then the proof is finished. Hence, we assume
o(c1,S¢1) > o(p, R).

Since ¢ is cyclic Feng-Liu type multivalued contraction mapping, there exists
S € 4,021 such that

o(s2, ps2) <o (s1,52) + (B — 7)o (p, R).

Repeating this process, we can construct a sequence {g,} in p UR (we can
suppose 0 (Son+1, ¥Son+1) > o(p,R) for all n > 1, otherwise the proof is
finished)

(10) 0 (S2n+1, PS2n+1) < Y0 (S2n, 2nt1) + (B — 7)o (p, R),

for all n > 1. Since ¢o,,41 € go?”, we have

(11) Bo(San, S2n+1) < 0(S2ns PSan),
for all n > 1. Hence, from (10) and (11) we get

60'(§2m §2n+1) < ’70'(§2n717 §2n) + (5 - 7)0(@a 8%)7

for all n > 1. Therefore, we have

o(p,R) < o(s2n,2n+1)

7N\
—
+

)2

)3 0 (S2n—3, S2n—2) + (1 + % + <g>2> (1 - ;) o(p, R)
s ()7 ()

< Joanran)+ (123 ) oo
< 2 Zotwsamn+ (1-3)stom} + (1-3)otow
_ (g)2 olnrisenn) + (143) (123 ) oo
< (g) {Jotansans+ (1-7) olom)
+
(

™[

A
N
™|

S~
s

Q.

8

D

+

N
=

_|_
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for all n > 1. Since 4 € (0, 1), we have

(12) lim o(n,S2nt1) = o(p, R).

n—-+o0o

Now, since {2, } has a convergent subsequence, then there exists a subse-
quence {cp, } of {¢2,} such that ¢, — ¢* € p. Because of the fact that g
is a lower semicontinuous function, from (12), we have

o(p,R) < o, ps")
= g(¢")

< li inf
< [ lm in 9(s2n,)

= lim inf U(§2nk7 SOank)
k—-+o0

IN

lim inf o(Son, , Son, -1
k——+o0 ( Mt n;ﬁ-)

= o(pR).
Therefore, ¢ has a best proximity point ¢* in . O

Remark 1. Note that, if g(¢) = p(s, ¢s) is lower semicontinuous on # and
{s2n+1} has a convergent subsequence in Theorem 6, then ¢ has a best
proximity point in .

Example 2. Let T = [0,400) and 0 : T x T — [0,+00) be a function
defined by

0(s,§) = max{s,{},
for ¢,£ € Y. Then, it can be seen that (T, o) is a partial metric space. Let
o= {32% :n>1} U{0} and R = {3%% :n > 1} be subsets of Y. Hence,
we have o(p, R) = 0. Now, we define a mapping ¢ : pUR — P(p UR) as

1 1 1
{32n+1a32n+37"'}7 <:327n7
s = R, ¢=0,
1 1 1
{W’W""}’ S = 3onT1)

for all n > 1. We shall show that ¢ is a cyclic Feng-Liu type multivalued
contraction mapping with v = % and 8 € (7,1). Indeed, let ¢ € p UR with
o(s,05) > o(p,R). We consider the following cases:

Case 1: Let ¢ = 32% for all n > 1. Then, for & = 3%%, we have

B 1 1 1
Bo(s,§) = 320 < 320 :max{?)Qna(pggn} = 0(<, ¢9)

and

1 1 1
T\ 32nt1 Y320+t = 3ontl
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1 1 1
S 3max{32n,32n+1}
= "}/O'(C,f) + (ﬁ - ’Y)O'(KJ, §R)

Case 2: Let ¢ = 32,1% for all n > 1. Then, for £ = 32,1%, we have

B 1 1 1
Bo(s,§) = 3241 < 32n+1 - MAX N 5551 PgonaT =0 (s, ¢s)

and
1 1 1
T\ 32m+2'P3m+2 ) T 32

1 1 1
S 3maX{32n+l, 32n+2}
= ’YU(§7€) + (B - 7)0-(@7 §R)

Hence, ¢ is a cyclic Feng-Liu type multivalued contraction mapping with v =
% and 3 € (v,1). Also, every sequence in p has a convergent subsequence.

Further, it is clear that

1 _ 1
320 S = 3

9(s) =
0, ¢=0
is a lower semicontinuous function on p. Therefore, all condition of Theorem
6 hold, and so ¢ best proximity point ¢* in .

If we take p = R = T and o(p,R) = 0 in Theorem 6, we obtain the
following result.

Corollary 2. Let (T, o) be a partial metric space, ¢ : T — P(Y) be a multi-
valued mapping and define a sequence {s,} by Sp+1 = @<, for all n > 1 with
any initial point o € Y. Assume that {c2n} has a convergent subsequence in
T and g(s) = p(s,¢s) is lower semicontinuous on Y. If for all ¢ € X there
exists £ € IZ} satisfying

where B,y € (0,1) with v < B, then ¢ has a fixed point in Y.
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